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We study the paradigmatic Lieb-Liniger (LL) model belonging to the class of integrable quantum
many-body systems, by considering its statistical properties in the many-body Hilbert space. We
demonstrate that, for a fixed total momentum, the properties of both energy spectra fluctuations
and many-body eigenstates follow the predictions of the random matrix theory. Specifically, for a
finite number of bosons in a finite number of momentum levels and sufficiently strong interaction,
the level spacing distribution manifests the crossover from Poisson to Wigner-Dyson statistics. In
the latter situation, the many-body eigenstates can be treated as fully random, in spite of the
deterministic nature of the Hamiltonian matrix elements. By studying the quench dynamics of an
initially excited state of the non interacting Hamiltonian, we have discovered a remarkable relation
between the thermodynamic entropy emerging after the relaxation of the system to equilibrium,
and the diagonal entropy related to the initial state. Our semi-analytical predictions of the onset of
statistical relaxation in the LL model are fully confirmed by numerical data.
Introduction.– It is widely assumed that quantum
chaos cannot emerge in deterministic (non-random) inte-
grable quantum systems. Since the first studies of one-
body quantum systems with a strongly chaotic classical
limit [1–4], the Wigner-Dyson (WD) type of fluctuations
in energy spectra has been used as a good test of quan-
tum chaos. In contrast, the absence of repulsion between
energy levels, resulting in the Poisson statistics, was con-
sidered to be a distinctive property of integrable systems.
For a long time, the above criterion for the onset of
quantum chaos has served perfectly for realistic one-
body systems. Nowadays, when the interest has strongly
shifted towards many-body systems, it is understood that
a proper quantity associated with quantum chaos is the
chaotic structure of eigenstates in the physically chosen
basis (see [5] and references therein). In particular, it
was shown that various properties of quantum systems
can be quite similar, regardless of whether the system is
integrable (with the Poisson statistics) or non-integrable
(with the WD statistics) [6, 7].
Recently, a large number of studies have been per-
formed aiming to create a statistical description of inte-
grable systems, based on the so-called Generalized Gibbs
Ensemble (GGE) approach[8, 9]. As was understood, af-
ter a quench, physical observables in an integrable system
may not relax to the standard thermal values but to the
ones predicted by GGE. The GGE has been shown to
accurately describe various integrable systems, but still
many problems remain to be solved. One of such prob-
lems addressed here is understanding to what extend the
predictions of Random Matrix Theory (RMT) are valid in
application to many-body integrable systems. A particu-
lar question is whether the WD distribution and chaotic
eigenstates can arise in integrable systems and, in case of
positive answer, what are the corresponding conditions.
Under these conditions the dynamics of a system may
meet the predictions of standard statistical mechanics,
such as the onset of thermalization after some relaxation
time. In order to answer these questions, in this Letter we
consider the paragmatic Lieb-Liniger (LL) model [10–12]
which describes one-dimensional (1D) bosons interacting
with a two-body point-like interaction. This model be-
longs to a specific class of quantum integrable models
solved using the Bethe ansatz [13, 14]. Apart from the
theoretical interest, it has been recently discussed in view
of various experiments with atomic gases [15–17].
It was analytically shown that for a weak inter-particle
interaction the LL model can be described in the mean-
field (MF) approximation. Contrarily, for a strong inter-
action, the 1D atomic gas enters the so-called Tonks-
Girardeau (TG) regime in which the density of the
interacting bosons becomes identical to that of non-
interacting fermions (keeping, however, the bosonic sym-
metry for the wave function) [12]. The crossover from
one regime to the other is governed by the ratio n/g be-
tween the boson density n and the interaction strength
g. The latter constant is inversely proportional to the 1D
interatomic scattering length and can be experimentally
tuned with the use of the Feshbach resonance (see, for ex-
ample, [18] and references therein). Specifically, the MF
regime occurs for n/g  1 and the TG regime emerges
for n/g  1.
Below, we start with the demonstration that for a fixed
total momentum and a small number of bosons, the LL
model manifests an excellent correspondence to the pre-
dictions of the RMT provided the inter-particle interac-
tion is sufficiently strong. Specifically, we show that the
level spacing distribution is perfectly described by the
WD distribution and the many-body eigenstates can be
treated as completely random, in spite of a non-random
character of two-body matrix elements. After, we ask the
question whether statistical relaxation can emerge in this
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FIG. 1: Diagonal-block structure of the Hamiltonian matrix
for a system with N = 6 particles and ` = 13 momentum
states. Inset: a single matrix with fixed total momentum
M = 1 has been singled out. Inside the blocks, the diag-
onal elements are arranged according to increasing diagonal
energies.
situation. Our analysis is based on the semi-analytical
approach developed in Refs.[19–21] with the use of the
two-body random ensembles (TBRE). Originally, these
ensembles were introduced in Refs.[22–24] in order to de-
scribe the properties of heavy nuclei. Recently, much
attention has been paid to the TBRE in application to
various models of interating Bose-particles [25–28] (see
also [29] and references therein).
In the study of the quench dynamics, we use the con-
cept of energy shell introduced in Refs. [30, 31], in close
connection with the local density of states (LDoS). Both
quantities have been effectively used in establishing the
conditions for the onset of many-body quantum chaos
emerging in isolated systems of interacting particles [5].
By applying this approach to the LL model, we have
found a remarakable relation between the thermodynami-
cal entropy emerging after a quench, and the diagonal en-
tropy of the initial state, recently introduced in Ref. [32]
and widely studied in [33–35]. This relation is perfectly
supported by our numerical data, and can serve as one of
the basic relations linking the statistical and thermody-
namic properties for both integrable and non-integrable
many-body isolated systems of a finite number of parti-
cles.
The model.– The Hamiltonian of the LL model with N
bosons occupying a ring of length L, in momentum rep-
resentation has the following form (in dimensional units),
H = H0+V =
∑
k
knˆk+
g
2L
∑
k,q,p,r
aˆ†kaˆ
†
qaˆpaˆrδ(k+q−p−r).
(1)
Here aˆ†k and aˆk are the creation/annihilation operators
acting on a single-particle level k of the momentum, and
nˆk = aˆ
†
kaˆk is the number of particles in the corresponding
k−level. Thus, the single-particle energy levels (for non-
interacting bosons) are given by
k =
2pi2k2
L2
. (2)
The δ−function in Eq. (1) indicates the momentum con-
servation at the process of the two-body interaction.
Below, the single-particle states |φk 〉 are labeled ac-
cording to their momentum k = 0,±1,±2, .... From
them, the many-body non interacting states |j 〉 =
|...n−k...n0, ..., nk...〉 have been built, where nk indicates
the number of particles in the k-th momentum level. In
our numerical study, we consider a finite number N of
particles occupying ` = 2M+1 of single-particle momen-
tum states. Note that the total number of single-particle
energies k is M + 1 since the states with momentum ±k
are degenerate. We choose N and M to be approximately
the same (analog of a half-filling, typically considered in
spin systems). A rough estimate, n = N/L ∼ g, for the
transition from the MF to the TG regime in connection
with quantum chaos, is discussed in Ref.[36].
The many-body states |α 〉 of the total Hamiltonian H
can be expressed in terms of the eigenstates |j 〉 of the non
interacting Hamiltonian H0 in the standard way, |α 〉 =∑
j C
α
j |j 〉 where the components Cαj can be obtained by
exact diagonalization. Due to the two-body character of
the interaction, the matrix elements Hij = 〈i|H|j〉 are
non-zero only when the two non interacting many-body
basis states |i 〉 and |j 〉 have single-particle occupations
which differ by no more than two units. This means
that the Hamiltonian matrix Hij is sparse which is the
underlying property of all many-body models with two-
body interaction.
If one reorders the diagonal matrix H according to
increasing values of the total momentum, its structure
takes a diagonal-block form shown in Fig. 1. Here, each
block corresponds to a particular value of the total mo-
mentum. Moreover, if we further reorder the diagonal
elements inside the blocks according to the increasing
value of the diagonal elements, all the block-matrices are
band-like as shown in the inset of Fig. 1. Momentum con-
servation is manifested in the block structure, the num-
ber 2M + 1 of the blocks corresponding to the number of
different values of the total momentum.
Spectrum statistics and structure of eigenstates.– One
of the standard approaches in the quantum chaos theory
is the study of fluctuations of spacings between neigh-
boring energy levels. This approach works fairly good
for one-body chaos for which the level spacing distribu-
tion P (s) is typically described by famous Wigner-Dyson
distribution [4, 37]. In the other limit case of integrable
Hamiltonians, the form of P (s) is found to be approx-
imately described by the Poisson distribution. In our
many-body system, the P (s) is, indeed, close to a Pois-
son distribution, if one considers the spectrum of the to-
tal Hamiltonian. This result is due to the absence of
correlations between the energy subsets corresponding
to different values of the total momentum. Therefore, a
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FIG. 2: a,b) Level Spacing Distribution P (s) (blue his-
tograms) for 3000 states in the middle of the energy spectrum
and two different values of the interaction strength : a) n/g =
0.2 , b) n/g = 5. In a) the red smooth curve is the Wigner-
Dyson distribution, while in b) the black curve is the Poisson
distribution. c) Normalized distribution of Cαj in the middle
of the energy spectrum (for 2500 ≤ α ≤ 5500), for n/g = 0.01
(blue histogram), compared with the black dashed curve cor-
responding to the Gaussian distribution f(x) = Ae−bx
2
(with
A ≈ 30 and b ≈ 4096). The χ2 test (only for bins with more
than 2 × 104 events) returns the value χ2381 ≈ 365. Numeri-
cal data are for N = 9 bosons occupying ` = 13 momentum
states.
non-trivial question is: what type of distribution should
be expected for the energy spectrum with a fixed value of
the total momentum M only? Below we show, that the
answer to this question can be obtained with the use of
the two-body random matrix ensemble (TBRE), in spite
of the fact that our model is not only deterministic (non
random) but also completely integrable.
In view of the above question, let us focus on the prop-
erties of energy spectra and eigenstates of the LL model,
by fixing the total momentumM. To fix ideas, we choose
M = 1 for which the corresponding matrix is shown in
inset of Fig. 1. Our main interest is in a strong inter-
particle interaction for which we explore the form of P (s)
and the structure of eigenstates in connection with the
theory of random matrices. Concerning the form of P (s),
our extensive data demonstrate a typical transition from
the Poisson to the WD distribution on decreasing the
key parameter n/g, see Fig. 2. The characteristic value
for which a clear WD emerges, turns out to correspond
to the condition for the crossover from the MF to the
TG regime, namely, for n/g ∼ 1. Such a change in the
form of P (s) is quite typical for both disordered and non-
disordered quantum systems, when changing the degree
of inter-particle interaction [5].
Next, we studied the structure of eigenstates in the
middle of the energy spectrum and found that they are
well described by fully random matrices, provided the
inter-particle interaction is sufficiently strong. Specifi-
cally, the RMT predicts that the fluctuations of the am-
plitudes for these eigenstates follow the Gaussian distri-
bution. The search of this distribution is a very sensitive
test for a truly random structure of the eigenstates (see
discussion in [38]).
Numerical data for the distribution of components of
eigenstates are shown in Fig.2. One can see an excel-
lent correspondence of the data to the Gaussian distri-
bution P (Cαk ) of the eigenstate components, obtained in
the same region of parameters for which the form of P (s)
corresponds to the WD distribution. It is important to
stress that in our analysis we have used the statistical χ2
test for the correspondence of the data to the analytical
predictions. For both P (s) and P (Cαk ) this test demon-
strates an excellent correspondence to the predictions of
the RMT.
Quench dynamics.– Having strong evidence of chaos in
terms of both the energy level statistics and structure of
eigenstates, one can expect that the quench dynamics in
the LL model follows the predictions based on the theory
of TBRE. To check this, we study the emergence of sta-
tistical equilibration occurring after a quench from an ex-
cited many-body state of H0. As recently shown for dif-
ferent models [20], the effective number Npc of principal
components in the wave packet increases exponentially
fast in time, if the eigenstates are strongly chaotic. After
the relaxation time ts, the value of Npc oscillates ran-
domly around the saturation value due to the complete
filling of a portion of the total Hilbert space, termed the
energy shell. Such a wave packet dynamics occurs when
the many-body eigenstates of H are fully delocalized in
the energy shell. This scenario explains the basic prop-
erties of the quench dynamics.
To test our expectations we explore the evolution of
wave packets in the many-particle basis of H0, start-
ing from a particular non interacting state |j0 〉 =∑
α C
α
j0
|α 〉, with a fixed total momentum M = 1. The
specific interest is the time dependence of Npc(t) accord-
ing to the definition,
Npc(t) =
[∑
k
|〈k|e−iHt|j0〉|4
]−1
. (3)
We also perform a further average 〈Npc〉 over all those
initial states having the same (degenerate) energy. Our
data demonstrate that 〈Npc(t)〉 oscillates in time in the
MF regime (n/g  1) while it grows exponentially fast in
the TG regime (n/g  1, see Fig. 3) (apart from a small
initial time scale), according to the expression [20, 39],
〈Npc(t)〉 ∼ exp(2Γt). (4)
This remarkable dependence was analytically explained
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FIG. 3: Growth in time of ln〈Npc〉. The average has been
done over all initial degenerate states having the same en-
ergy E0 = 1117.31. Horizontal green thick line represents the
normalized diagonal entropy Sj0diag + ln(∆H/∆H0), the thick-
ness describing one standard deviation due to different initial
states. In the inset we show the early stage of the evolution,
in comparison with the red dashed line 2Γt where Γ is given
by Eq. (5). Here we considered N = 9 particles in ` = 13
momentum levels, n/g = 0.5, for the fixed total momentum
M = 1. In computing ∆H and ∆H0 we excluded the spec-
trum borders characterized by huge gaps.
and numerically confirmed in the TBRE and in one-
dimensional spin-1/2 model [20]. Here
Γ =
〈∑
k 6=j0
H2k,j0〉j0
1/2 (5)
stands for the average width of the LDoS. Being directly
related to the decay of the survival probability, the LDoS
is defined as follows:
Fj0(E) =
∑
α
|Cαj0 |2δ(E − Eα) (6)
Here |j0 〉 is the initial eigenstate of H0. Physically, the
LDoS represents how the initial state |j0 〉 decomposes it-
self, due to the interaction, in terms of the energy eigen-
states of the total Hamiltonian H.
Thermodynamical entropy versus diagonal entropy.–
Now we show that the onset of statistical equilibration,
emerging during the quench dynamics, can be described
by a simple relation between the thermodynamic entropy
Sth and the diagonal entropy Sdiag. In our case the ther-
modynamic entropy Sth of the system in equilibrium (af-
ter the relaxation to a steady state distribution) can be
written as Sth = lnV(E) where V(E) ' 〈Npc〉δ0 with
δ0 = ∆H0/D the non interacting energy spacing. In the
relation above, ∆H0 is the effective width of the energy
spectrum of H0 and D is the dimension of the many-
body Hilbert space. As for the diagonal entropy which
has been discussed in view of its relation to the von Neu-
mann entropy [32], it is given by,
Sj0diag = −
∑
α
|Cαj0 |2 ln |Cαj0 |2, (7)
where we labelled explicitly the dependence on the ini-
tial state j0. Comparing (7) with the definition (6) of
the LDoS, one can see that the diagonal entropy can be
treated as the Shannon entropy of the set of probabil-
ities wj0(E
α) = |Cαj0 |2 obtained by the projection of a
non interacting eigenstate of H0 onto the exact states of
H. From the Shannon entropy we can built the entropic
localization length `H = exp
(
Sj0diag
)
which represents
the number of exact eigenenergies spanned by the initial
state. Thus the volume occupied by the initial state is
V(E) ' `Hδ, where δ is the energy spacing of the total en-
ergy spectrum δ ' ∆H/D. Comparing the two volumes
ln (〈Npc〉∆H0) ' ln (`H∆H), we arrive to the following
relation:
Sth = S
j0
diag + ln(∆H/∆H0), (8)
where ∆H and ∆H0 are the widths of energy spectra of H
and H0, respectively. Similar correction due to the differ-
ence between ∆H and ∆H0 also appears when comparing
the moments of the LDoS to those of exact eigenstates of
H (for details see [40]). Our numerical data fully confirm
the relation Eq. (8) between the entropies, see Fig.3.
For a finite number of particles the exponential growth
lasts up to the saturation time ts which can be roughly
estimated as ts ∼ N/Γ (for N ∼ M , see details in [20]).
This time was claimed to be associated with a complete
thermalization after the quench from a particular state
|j0 〉. Note that Γ depends on the particular many-body
initial state of H0, on the number N of particles, the
number ` of momentum states, as well as on the strength
of inter-particle interaction. Therefore, in general, the
estimate of ts is not an easy task. The simple estimate
of ts for large N and ` ∼ 2N gives ts ∝ 1/N , which is
physically reasonable.
Conclusions.– In the completely integrable LL model
with a finite number of particles and momentum states
and a fixed value of the total momentum, the Wigner-
Dyson distribution P (s) emerges when the interac-
tion between bosons is strong enough (Tonks-Girardeau
regime, n/g < 1). In this situation, the many-body eigen-
states in the basis of the non interacting Hamiltonian
H0 look as completely random; their components are de-
scribed with surprising accuracy by a Gaussian distri-
bution in correspondence with the RMT. In the other
limit case of weak inter-particle interaction (the mean
field regime, n/g > 1) the form of P (s) is well described
by the Poisson distribution. The crossover between these
two distributions is of the same kind as it happens in dis-
ordered models manifesting the onset of quantum chaos
in dependence on the strength of the inter-particle inter-
action.
5Numerical data demonstrate that in the region of
strong chaos, the quench dynamics is of the same type
as recently discovered for both TBRE and 1D spin-1/2
model [20, 39]. Specifically, the number of components in
the wave packets evolving in the Hilbert space, increases
exponentially in time governed by twice the width of the
LDoS related to an initially excited state of H0. This
growth lasts until the saturation time ts which is larger
than the inverse width of the LDoS characterizing the
decay of the survival probability.
Studying the quench dynamics, we have found a sim-
ple relation between the Shannon entropy of the wave
function after the relaxation to equilibrium, and the di-
agonal entropy Sdiag of the initial state defined before
the quench. Since the Shannon entropy can be regarded
as the standard thermodynamic entropy Sth, this relation
(8) is important for establishing a direct link between the
statistical and thermodynamic properties of many-body
systems, for both integrable and non-integrable systems.
For TBRE, it was shown [21] that after the relaxation
the system manifests solid thermodynamic properties in
terms of onset of Bose-Einstein distribution and quan-
tum statistical fluctuations of single-particle occupation
numbers. Since the results presented here are similar to
those based on TBRE, we may expect the onset of a true
thermalization on a finite time scale, after the saturation
time even for completely integrable models [41].
We expect our results to be generic and characterizing
the basic relations between the statistical and thermody-
namic properties of many-body quantum systems. Re-
cently, a relation between the diagonal entropy and the
GGE entropy was found in other fully integrable model,
namely, in the one-dimensional Ising model in a trans-
verse magnetic field [34]. Further studies of the relevance
of the diagonal entropy to thermodynamical properties of
many-body systems are important in view of the contro-
versial meaning of quantum chaos in integrable models.
Our results can be tested in experiments with cold
atoms interacting in one-dimensional optical traps, by
the search of the fringe visibility obtained after the
quench, as proposed in Ref. [36]. This quantity allows
to distinguish between periodic and aperiodic behavior
of the occupation number distribution manifesting the
onset of statistical equilibration.
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